Introduction
Reducing the grain size in metals to the nanoscale results in a high density of grain boundaries, which strengthens the metals but renders them susceptible to coarsening [1] [2] [3] [4] [5] [6] [7] [8] . Doping these metals produces nanocrystalline alloys that are additionally strengthened by solute atoms [9] [10] [11] [12] [13] and are stablized by solute segregation to grain boundaries [4, 8, 14] . In recent years, solute distribution has often been characterized by atom probe tomography (APT) [15] [16] [17] [18] , which measures element species and atomic positions with sub-nanometer resolution [19] . Segregation is usually captured by atom images, composition histograms along a line [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] , as well as the deviation of solute frequency from the binomial distribution for random solutions [30, 31] . However, at present, there is limited quantitative understanding of how solute distribution is correlated with microstructure (e.g., all grain boundary locations), particularly at the finest nanoscale grain sizes, as APT does not directly yield interface features. Many studies have combined APT and other characterization techniques such as transmission Kikuchi diffraction [32] , electron backscatter diffraction [33] , and transmission electron microscopy [34] . There is also growing recognition of the need for large-scale grain reconstruction capabilities directly using APT data [35, 36] . Three-dimensional surface features (e.g., iso-surfaces) can be created from voxelization [37] [38] [39] and the marching cubes algorithm [40] . Curvature in multilayers [41] and lattice planes [42] can also be detected and visualized. Grain boundaries (and triple junctions) were frequently identified by segregating or selected solute atoms either directly using their concentration [43] or indirectly using a distance to center of mass analysis [44] . More recently, grain boundary locations were also identified based on atomic density [45, 46] and the local curvature can be derived subsequently [45] . Significant progress has been made on crystallographic reconstructions [47] [48] [49] [50] , such as estimating grain boundary misorientation angle based on pole-fitting [51] and extracting plane orientation from realspace data [52] .
In this paper, we present a local spatial autocorrelationbased method for reconstructing three-dimensional nanocrystalline grain structure from APT measurements that sample many grains in a single APT sample. Building upon prior establishments of the cube-or sphere-based voxelization method, the present approach introduces the rotating ellipsoidal voxelization or binning that accentuates grain boundaries and then further introduces a local spatial autocorrelation mapping method that drastically reduces noise and improves the connectivity of reconstructed grain boundary networks. This method is applied to an electrodeposited nanocrystalline alloy with an average grain size around 16 nm. The three-dimensional grain boundary network in this alloy was reconstructed based on APT data quantization, anisotropy in the apparent local atomic density, and local spatial autocorrelation mapping. This approach enables reconstruction of a large volume of nanocrystalline grain structure, and will lead to an automatic and efficient method for directly comparing and correlating solute composition landscape with nanoscale grain structure in a large volume.
Quantization
The preparation and microstructure of the nanocrystalline Ni-20at% W sample have been discussed in Ref. [53] . The APT experiment was conducted at Oak Ridge National Laboratory using an Imago Scientific Instruments (currently part of CAMECA) local electrode atom probe. The measured volume is a slightly tapered cylinder with a height of 250 nm and a diameter of 64 nm at one end and 40 nm at the other. Only Ni and W atoms are counted in the analysis, and trace elements are not considered. After removing a surface layer to minimize edge effects, the remaining volume contains about 28.5 million detected atoms. The analysis in this study is performed using custom MATLAB code.
Grain boundaries have higher evaporation efficiencies than grain interiors during APT experiments [46] , and can therefore be identified as regions of higher apparent local density. The local atomic density ρ is first extracted by simply using spherical bins, with their geometric center points uniformly distributed on a cubic grid with 0.25 nm spacing. The resulting local density maps for a small area at a series of bin radius r values are shown in Fig. 1a -e. Each bin is plotted as a dot, whose color darkens with increasing Figure 1 Vertical (x-z) sections of local density maps obtained from using spherical binning with radius r (a-e) and ellipsoidal bin with minor axes a = b and major axis c measured along the most populated bin direction at each bin center location (f-j). (k) and (l) show the histograms of local density for these two types of binning, fitted to a three-term Gaussian function. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57 local density. At a small bin radius such as at r = 0.25 -0.375 nm as shown in Fig. 1a -b, a grain structure can be discerned by tracing high density bins; however, the density maps are highly granular and noisy, making it difficult to accurately identify grain boundary regions. On the other hand, using larger bins with r = 0.5 -0.75 nm in Fig. 1c -e leads to clearer grain structures but extremely thick grain boundaries (the average width of grain boundaries seen in Fig. 1e exceeds 1.5 nm) . Fig. 1k shows the histogram of local atomic density determined by this procedure with r = 0.5 nm, which deviates from the normal distribution and exhibits a high density tail related to grain boundary regions, and also includes results from fitting of Equation 1 .
The three Gaussian terms in this expression correspond to three regions: grains, grain boundaries, and triple junctions, and their fitted volume fractions are f g = 81.6%, f gb = 16.5%, and f tj = 1.9%, consistent with geometric expectations [54] of about 18% and 1% for the volume fractions of grain boundaries and triple junctions, respectively, at a grain size of 16 nm. This further attests to the feasibility of identifying grain boundary regions from the contrast in apparent density.
To accentuate grain boundary regions, we explore anisotropic binning of the local atomic density, with needlelike prolate ellipsoid bins (whose semi-major axis c is much larger than semi-minor axes a or b). The number of atoms whose APT coordinates lie within the ellipsoidal bin depends on the bin orientation for non-uniform atom distributions. For each bin center location, we rotate the bin in three dimensions (by changing the rotation angles φ from 0˚ to 180˚ and θ from -90˚ to 90˚ at a step size of 1.5˚; see Fig. 1 ) and search for the maximum density for use as the local density at the present location (defined by the bin center point). For grain boundary or triple junction locations, the most populated bin direction should lie in the grain boundary plane (Fig. 1m) or along the triple junction line, so sweeping the needle-shaped bins thus increases the chances of detecting those features at any given sampling point. Local density maps resulting from ellipsoidal binning with different bin sizes are plotted in Fig. 1f -j for the same area analyzed earlier. These maps show much less dependence on bin size as compared to those made with spherical bins, and all provide a high-quality reconstruction of the grain structures. The noise level drops and grain boundary continuity or connectivity improves slightly as the ellipsoid bin size increases from a = b = 0.25 nm and c = 0.5 nm in Fig. 1f to a = b = 0.35 nm and c = 1.75 nm in Fig. 1j ; In Fig. 1j , the grain boundaries indicated by the red arrows are more continuous and those denoted by the green arrows are thinner than in all the other Fig.s in Fig. 1 . We use the ellipsoidal bin with a = b = 0.25 nm and c = 1.25 nm, and a volume of ~0.327 nm 3 , corresponding to Fig. 1i , in our subsequent density analysis, as this bin size balances grain structure reconstruction quality, resolution, and computational cost. The corresponding local density histogram, shown in Fig. 1L , also has a high density tail related to grain boundaries and triple junctions. Fitting to Equation 1 leads to f g = 80.4%, f gb = 17.9%, and f tj = 1.7%, which are again in line with geometrical expectations. Fig. 3a -c map the local density in three vertical slices of the sample with bin centers located at y = -4, 0, and 4 nm, respectively. Grain boundaries are discernible as the network connecting the highest density locations. Each of series of ellipsoid binning analysis. Data for these vertical sections correspond to those at bin center points with y = -4, 0, +4 nm, respectively. Grain boundary networks can be discerned in all these maps. However, the G* maps in Fig. 3d-f show even less noise and higher contrast between grain boundaries and grain interiors, enabling high-fidelity reconstruction of nanoscale grain structures from APT data.
these maps clearly depicts a nanoscale polycrystalline grain structure. However, although ellipsoidal binning leads to rather thin grain boundary regions at a drastically reduced noise level (compared to spherical bins), a small fraction of grain interior locations also have high local densities as evident in Fig. 3a- c. Minimizing such noise will increase the accuracy of local density-based grain boundary identification, particularly when the volume fraction of grain boundaries is relatively low.
3 Local spatial autocorrelation mapping We perform a second binning analysis, but now focus on capturing the spatial autocorrelation in the local density within each new bin, so as to exclude errant noise and enhance grain boundary network-connected high density regions. The bin center points still form a cubic grid with 0.25 nm spacing. At each bin center location, the Getis-Ord local spatial autocorrelation statistic [55, 56] 
is evaluated. In a ρ gradient field, G* is high where high ρ values cluster (e.g., at grain boundaries), and low where low ρ values cluster (e.g., inside grains); using G* therefore can significantly reduce spatial noise. In Equation 2, the subscripts 'i' and 'j' denote the i th and j th binning point, respectively; Σ sums over all binning points inside the current bin including the i th binning point itself; is the local atomic density at the j th binning point determined in the prior ellipsoidal binning analysis. is a custom weight function that decays with d ij , the distance between i th and j th binning points, and we use
• . This weight function emphasizes close neighbors, but does not smear the contrast in local density as the exponential Copyright line will be provided by the publisher 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55 function decays rapidly with increasing d ij . Now bins much larger than those used for local density analysis are needed in order to contain sufficient grid points for the autocorrelation analysis and also contain local density variation within the bin.
As shown in Fig. 2a -e, use of spherical bins for the autocorrelation analysis generally leads to very thick and highly discontinuous grain boundaries, although triple junctions are clearly identified in most cases, regardless of the bin size r and the β value used. At β = 3, comparing Fig.   2a ,c,e for r = 2, 5, and 8 nm, we observe that with increasing r, grain interior noise is reduced, grain boundary thickness increases while the contrast in G* between grain boundaries and grain interior decreases. At r = 5 nm, comparing Fig.  2b-d for β = 1, 3 , and 5 nm -1 , higher β results in higher contrast in G* and thinner grain boundaries. Much more continuous grain boundary networks and thinner grain boundaries are achieved by switching to prolate ellipsoidal bins for the autocorrelation analysis. At each binning point, the bin is rotated in three dimensions by varying the rotation angles φ and θ at a step size of 3˚. For the i th binning point, * is evaluated for each bin orientation, and we use the highest * value among those obtained for all bin orientations as the local * . For a grain boundary location, the highest * is usually achieved when the bin is oriented normal to the grain boundary, in which case there is welldefined gradient in ρ with distance from bin center along semi-major axis, as illustrated in Fig. 2k . As shown in Fig.  2f -j, the reconstructed grain structures are relatively insensitive to the ellipsoidal bin size and the choice of β (although the general effects of bin size and β still apply), as they all show much thinner and more continuous grain boundary networks compared to those obtained from spherical binning shown in Fig. 2a-e . Fig. 3d-f shows the G* map obtained using β = 3 and ellipsoidal bins with a = b = 0.6 nm and c = 3 nm for the same three slices of binning points as those in Fig. 3a-c . The highest G* values (corresponding to red and dark red colors) are almost always found at grain boundaries, and most triple junctions show the darkest color. The autocorrelation analysis has significantly reduced the noise seen in Fig. 3a-c , and enhanced the contrast between grain boundaries and grain interiors, while capturing all key microstructural features. This reconstruction based on G* has led to a rather continuous network of thin grain boundaries. Several characteristic three-dimensional views of the sample are provided in Fig. 4 . Fig. 4a -b include more binning points, blocking the view of those in the back and only revealing those at or near the front surface; the grain boundary network seen in Fig. 4a-b therefore is mostly the intersection between grain boundary planes and the sample surface. Fig. 4c shows only binning points with the highest G* and allows visualization through the sample, meaning most of the grain boundary planes are not shown. We therefore believe the many dark red segments in Fig. 4c correspond to triple junction lines, and the linear network in three dimensions more or less represents the triple junction line network, which plays an important role in kinetic [57, 58] and mechanical properties [59, 60] of nanocrystalline materials.
Conclusion
It is a significant challenge for the study of nanocrystalline materials that atom probe tomography (APT) does not easily reveal the grain or grain boundary network structure. The above quantization-autocorrelationbased modeling method may serve to remedy this challenge, as we have shown the capacity to reconstruct the full three-dimensional nanocrystalline grain structures including especially the nanoscale network of grain boundaries and triple junctions. By identifying locations of high apparent local atomic density, highlighting grain boundaries with ellipsoidal binning of those densities, and forcing connectivity of grain boundary bins via local spatial autocorrelation analysis, a clean and focused representation of the boundary network is revealed. With parallel computing, the ellipsoidal binning analysis can be carried out rather rapidly and efficiently as each grid point/location can be analyzed independently. With rapid development of APT capabilities and increasing use of APT in elucidating atomic-scale chemistry, our method will augment finestgrain-scale microstructure reconstruction capabilities and advance the understanding of structure-chemistry-property relationships in nanocrystalline alloys . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57 
